We investigate experimentally and theoretically the dynamics of paramagnetic microrods anchored to a surface and driven by a precessing magnetic field. We identify two distinct regimes, corresponding to extended domains in the (ω, θB) plane, where ω and θB are respectively the frequency and inclination of the driving field. At low frequencies, the response of the rod is linear whatever the inclination of the field, and the rod precesses at ω. However, above a characteristic frequency, two qualitatively different behaviors are distinguished, depending on the inclination θB. For small inclinations of the magnetic field, the response of the filament remains linear at all frequencies. Conversely, when θB exceeds a critical value θB c ∼ 55
I. INTRODUCTION
The growing need for simple and effective micro-scale actuators has motivated numerous experimental solutions, such as mixers or pumps consisting of anisotropic objects rotating in electric or magnetic fields [1] [2] [3] [4] [5] [6] . The dynamics of micro-or nanorods driven by rotating fields has thus been extensively studied over the past decade. Prominent examples include ferromagnetic nanorods [7, 8] , paramagnetic colloidal chains [9] or anisotropic glass particles submitted to an optical torque [10] . All these studies focused solely on planar actuations. However, two different cases are distinguished, depending on the stiffness of the rotating objects. At low angular velocities, rigid objects were shown to respond linearly, rotating synchronously with the driving field. Above a characteristic frequency, the response becomes nonlinear. In this regime, the rods exhibit a rocking behavior with back-and-forth motions reducing significantly the average rotation speed. The critical frequency corresponds to the inverse of the relaxation time, defined by the ratio of the viscous drag coefficient to the stiffness of the driving potential [8] [9] [10] . However, in the case of soft rods, the high-frequency dynamics is more complex as the fluidstructure coupling results in significant shape changes. Ultimately, the rods are observed to either collapse or break into smaller fragments [9, 11, 12] .
So far, the investigations of three-dimensional driving of microrods have been scarce. In [13] , the authors focus on the rotation of paramagnetic ellipsoidal nanoparticles in a quasi-planar precessing magnetic field, for inclination * Electronic address: denis.bartolo@espci.fr,nais.coq@espci. fr angles close to 90
• . In this quantitative study, no qualitative difference with the planar rotation was evidenced, as the size of the particles was too small to accurately track their out-of-plane dynamics. In the opposite limit of smaller inclination angles, Babataheri et al. [14] report on the precession of soft magnetic self-assembled filaments. In the latter set-up, no asynchronous regime was observed. As the frequency increases, the magnetic filaments wrap around the rotation axis, but stay synchronized with the driving field. We note that macroscopic elastic filaments mechanically driven in viscous fluids display a very similar phenomenology [15, 16] . Finally, recent work relied on the asymetric beating of paramagnetic microfilaments along tilted cones to generate flows in microchannels, but overlooked the dynamics of the filaments to focus on the induced flows [17] .
In this paper, we aim at fully understanding the threedimensional beating of magnetic microrods. We study the dynamic response of paramagnetic microfilaments tethered to a rigid substrate and driven by a precessing magnetic field. We vary independently the amplitude B, the frequency ω, and the inclination θ B of the driving field. By doing so, we establish a phase-diagram dividing the (θ B , ω) plane into two extended domains. In the first domain, the rod responds linearly to the magnetic field, precessing around the rotation axis at ω. Conversely, for high values of ω and θ B , the dynamic response of the rod is nonlinear. The tip of the filament follows complex 3D beating patterns, yielding a sharp decrease in its average precession speed. This regime is a generalization of the asynchronous state observed in planar experiments [8] [9] [10] . The boundary separating the two domains is associated with a dynamic transition, and defines two critical values for θ B and ω. Remarkably, the critical angle θ Bc ∼ 55
• is independant of all the physical parameters. To uncover the origin of this geometrical criterium, we investigate in detail the 3D dynamics in the nonlinear regime. We show that the geometrical nonlinearities of the magnetic coupling set this critical angle independently of the interaction with the surrounding fluid. Our experimental findings are quantitatively explained by a minimal two-particle model in which all the drag is exerted at the free end, and flexibility is neglected. Despite its simplicity, it achieves very good agreement with the experiments in describing strongly nonlinear characteristics, such as the transition to the asynchronous regime and the main features of the complex trajectory pattern.
II. EXPERIMENTAL SET-UP
A microfilament is made of a single self-assembled superparamagnetic chain of colloids. It is both formed and actuated in a microfluidic chamber placed at the center of two perpendicular pairs of Helmholtz coils with their main axis in the XY plane and a larger vertical coil [14] , see Fig. 1 . These coils generate a homogeneous magnetic field of arbitrary orientation.
The observation chamber is a soft-lithography microfluidic channel of rectangular section w×h = 400×150 µm 2 , made of polydimethylsiloxane (PDMS, Sylgard 184). As described previously in [18] , colloidal particles of radius a = 375 nm and magnetic susceptibility χ ∼ 1 (Ademtech) are diluted to a volume fraction Φ ∼ 0, 125% in an aqueous solution containing 0.1 wt% polyacrylic acid (PAA, Mw=250 000, Sigma) and 0.1 wt% nonyl phenol ethoxylate (surfactant NP10, 0.1 wt%, Sigma). This solution is flowed into the microfluidic channel. The flow inside the channel can be accurately controled via a set of pressure controlers (Parker Pneutronics, Sensor Technics) and microfluidic pneumatic valves connected to each inlet [19, 20] . These valves are particularly useful since they enable us to stop the flow inside the channel at will, without having to permanently seal the inlets, thus allowing subsequent rinsing. Once the particle solution is introduced into the channel, the flow is stopped and the particles are left to sediment for 20 minutes before applying a 24 mT vertical magnetic field. Magnetic dipolar interactions between the paramagnetic particles cause them to organize into chains, aligned with the direction of the field. The particles are then permanently linked by the PAA molecules adsorbed on their surface [21] . The long sedimentation time allows us to form short chains, typically 20 µm long (the length of the filaments can be increased up to the height of the channel by reducing the sedimentation time). These chains are distant from the top and side walls of the channel by more than twice the length of the rods. The influence of the walls is therefore weak enough to be ignored in all that follows. While maintaining the magnetic field, the rods are rinsed with a 50 wt% glycerol solution, of viscosity η = 5 mPa.s. This procedure leaves only a few isolated short chains attached to the PDMS at the bottom of the channel.
To obtain a precessing magnetic field, the coils are powered by current generators (Bipolar Operational Power supplies, Kepco), controled from a custom-made Labview interface. Sinusoidal a.c. currents through the coils aligned along the (x, y) directions generate a rotating magnetic field in the horizontal plane, while a dc current through the third coil creates the constant component along z. The magnetic field amplitudes range from 0.2 to 9 mT, and the precessing angle θ B is varied from 10
• to 85
• , independently of the strength of the magnetic field. We apply rotation frequencies ω between 0.12 and 12 rad.s −1 . The filaments are filmed with a Sony CCD camera at 30 frames per second on an inverted Nikon microscope (TE2000) with a 40× objective. The instantaneous direction of the magnetic field is deduced from the input voltage applied to the current generators, after calibration. The free end of the rods is then manually tracked from the films. This method provides better accuracy than automated tracking, due to the complex three-dimensional motion of the filaments.
III. DIMENSIONLESS NUMBERS AND CHARACTERISTIC TIMESCALE
The microscale of the experiments and the range of actuation frequencies yield typical Reynolds numbers below 10 −3 , so that the hydrodynamic forces exerted on the rods are dominated by viscous friction. The balance between this friction and the stiffness of the rod determines the shape of the rotating filament. The stiffness results from two contributions: the bending elasticity of the colloidal chain linked by adsorbed polymer molecules, and the magnetic stiffness due to the dipolar coupling between the colloids. We chose the length of the experimental filaments so that they are little deformed by the viscous friction. We thus overlook the shape changes, and focus on the orientational dynamics, dictated by the • . Right: Schematics of the paramagnetic rod subjected to a magnetic field BeB. Only the tip of the rod is monitored. Definition of the angles θ (amplitude), φ (phase), θB (inclination of the magnetic field), φB (phase of the magnetic field), and the phase-lag ∆φ = φB − φ. γ is the angle between the rod and the magnetic field.
so-called Mason number Ma [14, [22] [23] [24] :
where ζ ⊥ is the friction coefficient per unit length, in the slender-body approximation:
. In our experiments, Ma ∼ 10 − 1000. In the following, we discuss our results using a characteristic time-scale τ , which is linked to the more classically used Mason number by the relation:
where A is a numerical prefactor set to A ≡ 2, 7.10 −2 . τ is the step-response relaxation time to a small inclination of the magnetic field, defining the time-scale over which the rod aligns with the magnetic field. The choice of the specific numerical prefactor will be justified in section V.A.
IV. OVERVIEW OF THE DYNAMIC RESPONSE
In this section, we describe the dynamic response of a rod submitted to a magnetic field precessing around the vertical axis at the frequency ω =φ B . We define the orientation of the magnetic field: e B = sin θ B (cos φ B e x + sin φ B e y ) + cos θ B e z , see Fig. 2 . In each experimental run, the inclination θ B and the field amplitude B are fixed, while the rotation frequency ω is increased. Such frequency runs are then conducted for increasing values of θ B . After a short transient (typically a few seconds), the rod acquires a stationary shape and undergoes solid-body rotation around the vertical axis at ω. The shape of the rod is slightly bent, as a result of the competition between the magnetic tension and the viscous drag [14] . However, here, we choose to overlook this three-dimensional profile, and focus only on the steady-state trajectory of the tip of the rod. Our study will show that neglecting the flexibility of the filament is relevant in our frequency range. In all that follows, we refer to the angle θ between the vertical axis and the tip of the filament as the amplitude of the trajectory, and to the angle φ in the (x, y) plane as the phase of the rod, Fig. 2 .
The evolution of the amplitude and phase of the rod as a function of the frequency is plotted in Fig. 3 , for a small inclination of the magnetic field (θ B = 10
• ). In the stationary state, the phase-lag ∆φ(ω) = ωt − φ(t) is constant over time. At low frequencies, the rod is almost aligned with the magnetic field: θ ∼ θ B , and the phase-lag ∆φ is small. Beyond a characteristic frequency, the amplitude decreases while the phase-lag increases at a steeper slope: the rod aligns with the rotation axis. This crossing-over in the rod dynamics is in qualitative agreement with previous work on rotating filaments at low Reynolds number [14] [15] [16] .
Interestingly, we find a critical field inclination θ B ∼ 55
• above which the rod undergoes a qualitative change of behavior. At low frequencies, the rod reaches steadystate rotation and its amplitude and phase vary as described above (blue circles in Fig. 4) . However, the dynamics of the rod becomes unsteady above a critical frequency of order τ −1 . The tip of the rod goes back and forth, following complex patterns during wich both θ and φ oscillate. Because of these interruptions, the average rotation speed of the rod decreases sharply to values much smaller than ω. This nonlinear behavior is reminiscent of the asynchronous regime observed in a planar case, eg a compass in a rotating magnetic field [9, 13] . This change in the dynamics is illustrated in a supplementary movie [29] . The movie shows the transition from the synchronous to asynchronous regime of a 20 µm-long filament. The transition results from a sudden increase in the frequency from 1.5 Hz to 1.7 Hz. As θ and ∆φ are no longer constant over time, we plot the mean amplitude θ , averaged over several rotation periods (Fig. 4 , red circles). There is a discontinuity in the slope of θ (ω) as the rod suddenly topples towards the solid surface: at high frequencies, the rod rotates at an average θ closer to 90
• than the imposed field angle θ B .
When the inclination of the rod is close to 90
• , the critical frequency increases as θ B decreases from 90
• . More precisely, the variations of the critical frequency ω c with the field inclination θ B are seen in Fig. 5 : the boundary of the nonlinear domain in the phase diagram (θ B , ω) defines the curve ω c (θ B ). As mentioned earlier, the dynamic response of the rod is always linear for values of θ B smaller than 55
• , and ω c is not defined. Above θ B = 55
• , the critical frequency first decreases sharply along a vertical asymptote, then saturates above θ B = 75
• . An important technical point has to be made here: we stress that the frontier in the range 55
• < θ B < 60 • had to be investigated with decreasing runs of θ B at given frequencies. The amplitude jump between the linear, highfrequency regime (θ θ B ∼ 55 • ) and the nonlinear regime ( θ θ B ) is so sharp that the rods collapse into an irreversibly folded shape if θ B is increased. This folding is reminiscent of the hairpin instability, which is observed for deformable magnetic filaments experiencing sudden variations of their orientation relative to the magnetic field. We thus warn that potential microactuator applications involving such flexible magnetic structures should be operated far from this transition. 
V. QUANTITATIVE STUDY OF THE ASYMPTOTIC REGIMES A. Model
In the limit θ B ∼ 90
• , the critical frequency ω c is known to arise from the competition between the magnetic actuation and the viscous friction [9, 13] . Moreover, in the other limit, θ B ∼ 0, the amplitude and phase of the rod appear to vary in a low-pass filter-like fashion, typical of the response of an overdamped harmonic system to a sinusoidal forcing. In this light, we simplify the modelling of the rod dynamics to the balance between a magnetic forcing and a viscous dissipation and neglect the flexibility of the rod as well as the hydrodynamic interactions with the surface. We model the filament as two interacting paramagnetic pointwise particles, separated by a constant distance r. One of the particles is fixed at the center of the reference frame, while the other one is left free to rotate around the vertical axis. We show that this minimal model gives a very good account of the rod dynamics over the whole θ B range.
The magnetic force exerted on the moving particle is derived from the dipolar interaction energy :
with
where m = V χB/µ 0 e B is the magnetic moment for a particle of volume V and magnetic susceptibility χ. The rotating dipole experiences a viscous drag proportional to its speed,
where ζ ∝ η is the friction coefficient and η is the viscosity of the fluid. The balance of the hydrodynamic and magnetic forces along e θ and e φ yields :
2(e B .e r )(e B
Note that the angular variations of the magnetic coupling induce geometrical nonlinearities in the equations of motion. We define the magneto-viscous characteristic time, relative to this model:
τ * is the time-scale over which the filament aligns with a weakly deviating magnetic field, and is analogous to the relaxation time defined in Eq. 2. In all that follows, we use the same notation τ . We can now write the equations of motion in terms of θ B , θ and ∆φ [28] :
+ cos 2θ sin 2θ B cos ∆φ (8)
− 2 sin θ B sin ∆φ cos θ B tan θ + sin θ B cos ∆φ
We look for the analytical expression of the stationary solutions for Eqs. 8 and 9. After some tedious but elementary trigonometric calculations, Eq. 8 simplifies into:
Finally, we combine Eq. 9 and Eq. 10 to find : In what follows, we discuss the development of Eqs. 10 and 11 in the limits θ B → 0 and θ B → 90
• , and numerically solve Eqs. 8 and 9.
B. Quasi-vertical motion
For values of θ B close to 0, the development at the first order in θ B of Eqs. 10 and 11 yields : 
These correspond to the amplitude and phase of a firstorder linear low-pass filter of cutoff frequency 2τ −1 . At low frequencies, the filament precesses around the z axis at the angle θ ∼ θ B . As the frequency increases, the rod aligns with the rotation axis due to the viscous friction, and the amplitude of the trajectory, θ, decreases. Fig. 3 shows a good agreement between the theoretical and experimental values of the amplitude. Note that τ has not been adjusted to fit the data. We used the value of the relaxation time measured on the (ω, θ B ) phasediagram, which demonstrates the consistency of our simple model. However, the experimental phase-shift, ∆φ s , deviates from Eq. 13. The greater phase-lag of the experimental filament is likely to be a signature of its flexibility. Indeed, for frequencies below or of order τ −1 the filament starts bending in the flow direction e φ [15, 16] , which increases the lag but leaves the amplitude of motion θ unaffected. Importantly, we note that at higher frequencies, the base of the rod would then bend towards the vertical axis due to stronger viscous stresses. This slows down the decrease of the amplitude with ωτ predicted by Eq. 12. More precisely, a previous study showed that θ asymptotically decreases with a scaling θ ∼ ω −1/2 [14] , instead of θ ∼ ω −1 . We can see from the amplitude plot that this asymptotic regime is not reached below ωτ ∼ 10, where the theory starts deviating from the experimental data. Indeed, in these experiments the curvature induced by the flow remains smaller or comparable to 1/L. We can conclude that the normalized frequency range here is low enough for us to accurately describe the filament as a rigid rod. We now move on to the other asymptotic regime, θ B = π/2 − . At the lowest order in , Eqs. 10 and 11 simplify into:
Before going further, we remark that the leading-order contribution to the phase is of order 2 , whereas it is of order for the amplitude. This explains that little qualitative difference was found by Tierno et al. between the planar case and the 3D case for values of θ B close to 90
• . The very small size of their paramagnetic nanoparticles did not allow them to finely track their vertical motion.
The stationary solutions given by Eqs. 14 and 15 are not defined above ωτ = 1. Indeed, when θ B = 90
• , Eq. 9 simplifies into the usual expression for an elongated paramagnetic object in a planar rotating field: (∆φ) = ωτ − sin(2∆φ) [26] . According to this equation, the phase of the rod can be pictured as an overdamped particle in a washboard potential, where the tilt increases with the frequency. While ωτ < 1, the particle can sit in one of the local energy minima: ∆φ = ∆φ s is constant over time, and the filament is synchronized with the rotating field. Above ωτ = 1, however, the tilt is high enough that the energy barriers disappear and there are no longer local minima in the energy landscape. The particle falls down the energy slope, and the motion of the filament is no longer stationary. This provides a precise means to measure the relaxation time τ : in the phase diagram, the horizontal asymptote is set at ωτ = 1, so that ω c = τ −1 when θ B = 90
• (see Fig. 5 ). We can thus fit the numerical prefactor in Eq. 2. The frequency ω is normalized by this adjusted τ in all our plots, including the Bode diagrams in Fig. 3 . We stress that the predictions from the simple model are in very good agreement with the experimental findings without adjusting any other parameter.
The stationary solution θ s from Eq. 14 is plotted in Fig. 4 as a function of the frequency for θ B = 68
• (straight lines). Although in this example = 22
• is large, so that ω c > τ −1 , the stationary solution is in reasonable agreement with the experimental data before the transition. The numerical solution of Eq. 8, averaged over time in the asynchronous regime, is also plotted in Fig. 4 (dashed line) . This prediction captures remarkably well the important features of θ , such as the value of ω c and the discontinuity of the slope at the transition.
The horizontal asymptote in the phase-diagram is set by the magneto-hydrodynamic coupling, and so depends on all the physical parameters via τ . However, surprisingly, the vertical asymptote defines a critical angle θ B ∼ 55
• independent of all the experimental parameters. We can find a theoretical prediction for this critical angle by investigating the high-frequency limit (ωτ 1). In this regime, the amplitude oscillations can be neglected since θ varies over a time-scale of order τ ω −1 , and we can approximate θ by its average over a period. Averaging Eq. 8 allows us to simplify the ∆φ dependant terms, cos ∆φ ∼ 0 and cos 2 ∆φ ∼ 1/2, yielding:
where g(θ B ) = sin 2 θ B /2 − cos 2 θ B is a geometrical function of θ B . The analytic solution for this equation is :
Depending on the sign of g(θ B ), two qualitatively different behaviors are predicted. If g(θ B ) < 0, θ → 0, and the rod aligns with the vertical axis, whereas if g(θ B ) > 0, θ → 90
• . This is clearly consistent with our findings. The change of sign occurs when θ B reaches the so-called magic angle:
• . This critical angle is in perfect agreement with the experimental phase-diagram and, indeed, is purely geometrical. In the next section, we investigate the detail of the asynchronous trajectory in order to gain better qualitative insight into this geometrical criterium.
VI. DETAIL OF THE NONLINEAR DYNAMICS
We now give a more detailed description of the nonstationary 3D trajectory. Two examples of experimental asynchronous trajectories are displayed in Figs. 6A and 6B , along with their projections in the (θ, φ) plane. The tip of the rod was tracked from pictures taken in top view. The phase φ was measured directly, while the amplitude θ was calculated assuming the rod to be rigid: θ = arcsin(R/L), where R is the distance to the rotation axis measured on the pictures. These trajectories appear to be a periodic succession of patterns constituted of two back-and-forth rocking motions. For the sake of clarity, each pattern is represented in a different color in Figs. 6A and 6B.
To better understand the physical origin of these patterns, we define the angle γ = ( e r , e B ) between the rod and the magnetic field, see Fig. 2 . The time variations of φ(t), θ(t) and γ(t) are plotted in Fig. 7A for ωτ = 1, 53 and θ B = 68
• (corresponding to the trajectory in Fig. 6B ). Notice that γ(t) oscillates around 90
• . This has an important consequence: as the magnetic energy, Eq. 4, scales as E m ∼ (cos 2 γ − 1), the rod will periodically try to align with −e B , whenever γ > 90
• , as sketched in Fig. 8 . Each pattern can therefore be decomposed into four parts, shown in Fig. 7 . Between positions (a) and (b), γ < 90
• whileφ > 0 andθ < 0. The rod follows e B with an increasing phase-lag, while rising towards the vertical axis. From (b) to (c), γ > 90
• , so the paramagnetic rod reverses its motion to go backwards and down towards −e B :φ < 0 andθ > 0. At (c), γ is maximum: e r and −e B are aligned, and −e B rotates past the rod. From (c) to (d) the rod lags behind −e B : φ > 0,θ > 0 andγ < 0, until the phase-lag is such that γ = 90
• , at (d). Between (d) and (e), the rod again re- • for all φ. Right: θB > θB c . When φ is large, γ > 90
• and the rod periodically aligns with −eB.
verses its rotation, going backwards and up to align with e B . Finally, at (e)=(a), e r and e B are aligned and the next pattern begins.
We now see that the vertical asymptote θ = θ Bc on the phase diagram corresponds to the minimum field inclination allowing γ to exceed 90
• , see the schematics in Fig. 8 . It is worth noticing that if the magnetization were rigidly coupled to the structure of the rod, eg if the colloids were ferromagnetic, the rod would not align with −e B , and its trajectory would be qualitatively different. The transition between the linear regime (θ B < θ Bc ) and the asynchronous regime (θ B > θ Bc ) is a direct consequence of the decoupling between the orientation of the magnetization and the structure of the paramagnetic colloids composing the filament. The complex trajectories themselves are chiefly due to the geometrical nonlinearities in the magnetic force. This is visible in the numerical trajectory shown in Fig. 6C . This trajectory is symmetric with respect to the z = 0 plane, since the interaction with the surface was not taken into account in the model. Still, it features double-rocking patterns qualitatively similar to the experimental observations. The addition of hydrodynamic interactions with the wall (including a θ-dependant friction coefficient) allowed us to reproduce up-down disymetric trajectories, yet it requires an extra fitting parameter (results not shown).
Finally, the number of patterns per turn of the filament can be predicted at all frequencies. Since each pattern corresponds to a complete turn of the magnetic field relative to the rotating rod, we expect the pattern frequency to be given by the relative speed ω p = ω − φ . ω p was measured and this relation is verified in Fig. 9 , which shows an excellent match between the experimental data for ω p and ω − φ as a function of the frequency. The number of patterns per turn of the rod is then simply N p = ω p / φ = ω/ φ − 1. N p increases with ω while the amplitude of the patterns decreases, as the speed of the rod relative to the magnetic field collapses. Eventually, in the high-frequency limit, the rod is inclined close to the surface and stops moving, as its rotation speed φ falls • , empty blue (or dark gray) circles : θB = 68
• .
to zero and the number of patterns per turn diverges.
VII. PERSPECTIVE: FLEXIBLE FILAMENTS
Before concluding, we wish to briefly address the influence of the flexibility on the morphology and trajectories of the filaments. A detailed investigation would represent a challenge beyond the scope of this paper. However, we can make some predictions that we hope will bring physical insight for further studies. We base our reasoning on experimental observations, and we generalize early work by Biswal et al., who studied the planar rotation of similar magnetic microfilaments [9] .
Surprisingly, experiments showed that our first distinction between a low-frequency synchronous regime and a high-frequency asynchronous regime is complicated by a third behavior. "Longer" filaments were never observed to enter the asynchronous regime, as they would first fold into so-called hairpin shapes, see the picture in Fig. 10 . To rationalize this observation, let us first recall that the stiffness of the filament opposing the friction has two physical origins: the magnetic coupling between the colloids, and the elasticity of the polymer linkers. The dynamics of the filament are then governed by three independant dimensionless numbers: the field inclination θ B , the magnetoviscous number Ma, defined in Eq. 1, and the elastoviscous or so-called Sperm number, Sp ≡ ζ ⊥ ωL 4 /κ, where κ is the bending modulus of the filament, measured to be κ ∼ 10 −23 N.m 2 [18] . Sp is defined from the relaxation time of an elastic but non-magnetic filament: τ ev ≡ ω −1 Sp. A third useful quantity is the magnetoelastic number Mn≡ Sp/Ma, which compares the magnetic to the elastic energies of a deformed filament [23] .
Having defined these quantities, we plot a phase diagram in the (Sp, Ma) plane, represented in Fig 10. Note that a third axis taking into account the variations of θ B would be necessary. Here, we restrain ourselves to discussing two situations : θ B > θ Bc and θ B < θ Bc . The diagram in Fig. 10 is actually a projection of all our ex-perimental data with θ B > θ Bc ranging from 68
• . This plane is divided into six regions, separated by lines of equation: Ma = Ma c , Sp = Sp c and Mn = Mn c (where Ma c , Sp c and Mn c are three constant values, see Fig. 10 ).
-A to C-This region of the plane corresponds to synchronous rotation. In domains A and B, the rods are hardly deformed or delayed by the viscous stresses. The filaments simply follow the magnetic field and θ(t) ∼ θ B (t), see the discussion in the sections above. However, in domain C, the elasticity of the linkers is too weak to prevent the filament from bending in response to the viscous friction, thereby increasing the phase difference, ∆φ, with the driving field [30] .
-D-The filaments bend until acquiring U shapes, see the picture in Fig.10 . This shape transition corresponds to the so-called "hairpin instability" [9, 18, 27] . To qualitatively explain the origin of this behaviour, we define the elasto-magnetic persistence length l em ≡ LMn −1/2 , which measures the distance over which a magnetic deformation is suppressed by the elasticity. In this highfrequency regime (ωτ > 1 ie Ma>A −1 , Eq. 2), the angle between the mean orientation of the filament and the magnetic field (ie γ) can reach 90
• . At this angle, sufficiently soft filaments, for which l em L, buckle to minimize their total energy [18] . In other words, there exists a critical Mn above which a straight configuration is unstable. The shape of the folded structure makes the characterization of its 3D beating pattern complex: we leave it for further studies.
-E and F-Domains E and F correspond to the asynchronous regime we explore in this paper. There, Mn < Mn c , and elasticity maintains the filament almost straight. Note that Mn c and, equivalently, Sp c , are rather large: Mn c ∼ 100 and Sp c ∼ 3000. This may come from an underestimation of the bending modulus κ, which was measured indirectly [18] .
We close this section by a brief comment on the small-θ B phase diagram. The filament always precesses around the vertical axis at ω. No asynchronous regime is observed whatever the stiffness of the filament. However, in the high Sp and/or high Ma limits, it collapses on the rotation axis but for a small mobile fraction at the free end, due to viscous friction. This mobile length scales like the relevant characteristic length, l mv ≡ L(Ma)
−1/4 if Mn < Mn c (domains E and F). l mv and l ev correspond to the penetration lengths of the bending modes of length L in the limits of zero elasticity and zero magnetic stiffness respectively. The former limit case has been thoroughly studied in [14] .
Again, we do not aim to provide here a comprehensive study of the beating of flexible filaments. However, we believe that the above discussion provides a useful guideline to tackle this more involved problem. 
VIII. CONCLUSION
In summary, combining microscale experiments and a minimal model, we have successfully characterized the dynamics of a self-assembled magnetic filament driven by a precessing field. We mostly restrain ourselves to angular velocities small enough that the coupling with the surrounding fluid does not significantly alter the shape of the filament. Nonetheless, we establish a non-trivial phase diagram for the dynamics of the tip of the rod. When the driving frequency is smaller than the inverse of the magneto-viscous relaxation time, the response to the field is linear: the rod undergoes rigid-body rotation at ω and starts aligning with the rotation axis. When ω exceeds τ −1 , two very different behaviors are distinguished. For small field inclinations, no qualitative change is observed and the rod keeps on aligning with the rotation axis. Oppositely, above a critical inclination θ Bc ∼ 55
• , a dynamic transition occurs and the filament response becomes nonlinear. No stationary state is reached, and the tip of the filament follows complex back-and-forth patterns. We demonstrate that this transition results only from: (i) the geometrical nonlinearities in the magnetic coupling and (ii) the decoupling between the orientation of the magnetization and the rotational degrees of freedom of the colloids. As a consequence, the filament can lock either along e B or −e B , which results in a periodic "catch and release" dynamics that shapes the tip trajectory. Eventually, we have qualitatively investigated the influence of the finite stiffness of the filaments on their beating dynamics. We showed that the addition of deformation degrees of freedom results in another dynamic instability in the large inclination limit, where the filaments bend into hairpins instead of entering the asynchronous regime.
Obviously, in view of inducing and controlling significant microfluidic flows, hundreds of filaments should be put at work. This comprehensive study opens the way towards a new set of challenging questions dealing with the collective dynamics of hydrodynamically coupled artificial cilia. Work along this line is currently in progress. This work has been partly supported by a DGA-CNRS fellowship (Naïs Coq) and a Paris Emergence research grant. We thank Avin Babataheri for help with the experiments.
